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TD 2: Conformal Symmetry

These exercises can be found on the wikiversity page
en.wikiversity.org/wiki/Mathematical_prerequisites_for_2d_CFT.

Exercise 1 Questions

1. Show that the scale factor Ω of a conformal transformation, to the power d, coincides with
the Jacobian of that transformation.

2. Show that the inversion is a conformal transformation. Write a special conformal transfor-
mation in terms of a translation and inversions. Deduce that the special conformal transfor-
mation is indeed conformal.

3. Show that two tori whose moduli are related by τ 7→ aτ+b
cτ+d for(

a b
c d

)
∈ PSL2(Z) (1)

in PSL2(Z) are conformally equivalent.

4. Show that the Polyakov action is invariant under Weyl and conformal transformations.

Answer of exercise 1

1. We denote f∗g the pullback of the metric g by the transformation f . The scale factor Ω is
de�ned by f∗g = Ω2g. Recall that the expression of the pullback metric is f∗g = (df)T gdf .
Taking the determinant we get

det f∗g = det(df)2 det g = J2 det g (2)

= detΩ2g = Ω2d det g. (3)

where J = det df is the Jacobian of the transformation. Thus

J = Ωd. (4)

2. Denote f : x ∈ Rd 7→ 1
||x||2x. The di�erential is

dfµ =
dxµ

||x||2
− 2xµxν

dxν

||x||4

Thus if g = δµνdx
µdxν is the �at metric,

f∗g = δµνdf
µdfν

=
dxµdxµ
||x||4

− 4xµ
dxµ
||x||2

xνdx
ν

||x||4
+ 4xµxµ

(
xνdx

ν

||x||4

)2

=
dxµdxµ
||x||4

hence we �nd Ω = 1
||x||2 .

3. Let us show that the tori of parameters τ and aτ+b
cτ+d are conformally equivalent. By de�nition,

these are the tori

T1 = C/(Z+ τZ)

T2 = C/(Z+
aτ + b

cτ + d
Z).

We will proceed in two steps.
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1. Let us �rst show that

(aτ + b)Z+ (cτ + d)Z = Z+ τZ.

Because a, b, c, d ∈ Z, we do have aτ+b, cτ+d ∈ Z+τZ, so (aτ+b)Z+(cτ+d)Z ⊆ Z+τZ.

And because

(
a b
c d

)
∈ PSL2(Z), the inverse matrix also has integer coe�cients so we

also have that 1, τ ∈ (aτ + b)Z+ (cτ + d)Z, so that (aτ + b)Z+ (cτ + d)Z = Z+ τZ.
2. Next we show that

C/((aτ + b)Z+ (cτ + d)Z) ≃ C/(Z+
aτ + b

cτ + d
Z).

Put in this form it is clear that what we need to do is a rescaling. Consider the
holomorphic (hence conformal) map

f : C → C
z 7→ (cτ + d)z ,

and denote π the quotient map C → C/((aτ + b)Z + (cτ + d)Z), then π ◦ f(z + 1) =
π((cτ + d)z+ (cτ + d)) = π((cτ + d)z) = π ◦ f(z), and π ◦ f(z+ aτ+b

cτ+d) = π((cτ + d)z+

(aτ + b)) = π((cτ + d)z) = π ◦ f(z), so π ◦ f descends to a holomorphic map f̄ on the
quotient

f̄ : T2 = C/(Z+
aτ + b

cτ + d
Z) → C/((aτ + b)Z+ (cτ + d)Z).

Putting 1) and 2) together we �nd that

T2 ≃̄
f
C/((aτ + b)Z+ (cτ + d)Z) = C/(Z+ τZ) = T1.

4. The Polyakov action is:

S =
T

2

∫
d2σ

√
−hhabgµν(X)∂aX

µ(σ)∂bX
ν(σ)

Under a conformal transformation (change of coordinates on the worldsheet),
√
−h 7→

Ω
√
−h, and dσ 7→ Ω−1dσ, so they compensate. Under a Weyl transformation (change

of metric on the worldsheet),
√
−h 7→ Ω

√
−h, and hab 7→ Ω−1hab (inverse metric). they

compensate.

Exercise 2 COGS: The conformal group of �at space

Consider the Euclidean space Rd with the �at metric gµν = δµν , and the Minkowski space Rd+1,1

with coordinates Y = (yµ, y−, y+) and the �at metric ∥dY ∥2 =
∑d

µ=1 (dy
µ)2−dy−dy+. Consider

the di�eomorphisms

φ :

{
Rd → Rd+1,1

xµ 7→
(
xµ, ∥x∥2, 1

) , ψ :

{
Rd+1,1 → Rd+1,1

Y 7→ 1
y+
Y =

(
yµ

y+
, y

−

y+
, 1
)

1. Check that φ is an isometry. Is ψ an isometry? Is it a conformal transformation?

2. Show that the restriction of ψ to the light cone L =
{
Y ∈ Rd+1,1

∣∣∥Y ∥2 = 0
}
is a conformal

transformation, and that φ(Rd) ⊂ L .

3. Let G ∈ SO(d + 1, 1) be an isometry of Rd+1,1 , in particular G is linear. Show that
φ−1 ◦ ψ ◦ G ◦ φ is a conformal transformation of Rd . Deduce that the conformal group of
Rd includes SO(d+ 1, 1) .
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4. Explicitly write the action of G ∈ SO(d+ 1, 1) on xµ .

5. In the case d = 2 , �nd the relation between the two di�erent descriptions of the conformal
group: SO(3, 1) and PSL2(C).

Answer of exercise 2

We denote h = ||dY ||2 the metric of Minkovski space.

1. Since φ+ = 1, dφ+ = 0. Hence

φ∗η = dφµdφµ − dφ−dφ+

= dxµdxµ.

The map ψ is not an isometry or a conformal map, since ψ∗h has a term (dx+)2.

2. Restricted to the cone of equation ||Y ||2 = 0, we have 2yµdy
µ − y−dy+ − y+dy− = 0. Using

this and

ψ∗h = dψµdψµ − dψ−dψ
+ = dψµdψµ

dψµ =
dyµ

y+
− yµdy+

(y+)2

The expression for ψ∗h simpli�es and we get that ψ is conformal with Ω = 1
(y+)2

.

3. Let us �rst show that the transformation is well-de�ned. Because φ(Rd) ⊆ L, andG preserves
the norm, G ◦ φ(Rd) ⊆ L. Moreover, ψ(L) ⊆ φ(Rd), because if ||Y || = 0, y−/y+ =
yµyµ/(y

+)2. Hence ψ ◦G ◦ φ(Rd) ⊆ φ(Rd), so Ψ := φ−1 ◦ ψ ◦G ◦ φ is well-de�ned.

The transformation Ψ is conformal: indeed, φ and G are isometries so in particular they are
conformal transformations, and ψ is conformal on the image of G ◦ φ. This means we have
constructed a map

Ψ : SO(d+ 1, 1) → Conf(Rd) (5)

G 7→ φ−1 ◦ ψ ◦G ◦ φ (6)

To check that Conf(Rd) indeed contains SO(d + 1, 1) as a subgroup, we must check that
this map is an injective morphism. The injectivity is immediate, and the fact that it is a
morphism follows from the identity ψGψ = ψG.

In fact, to show that the conformal group of �at space is exactly SO(d + 1, 1), there just
remains to show that the two groups have the same dimensions, which follows quite directly
from the lecture.

4. The action of G on xµ is

G · xµ = φ−1 ◦ ψ ◦G(xµ, ||x||2, 1) (7)

= φ−1 ◦ ψ((Ga,νxν +Ga,−||x||2 +Ga,+)a∈{1,...,d,±}) (8)

=
Gµ,νxν +Gµ,−||x||2 +Gµ,+

G+,νxν +G+,−||x||2 +G++
. (9)

5. We want to construct an isomorphism SO(3, 1) ≃ PSL2(C) = SL2(C)
(Z/2Z) . The construction is

very similar to the construction of the isomorphism SO(3) = SU(2)
(Z/2Z) . Indeed SL(2,C) is the

complexi�cation of SU(2) (in particular the complexi�cation of the Lie algebra su(2) is sl(2).
The following trick helps: we use the isomorphism

R1,3 ∼→ H = {M ∈M2(C),M † =M}

(t, x, y, z) 7→
(
t+ z x− iy
x+ iy t− z

)
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and note that || · ||R1,3 = det(·). Then we de�ne

φ : SL2(C) → End(H)

X 7→ (M 7→ XMX†)

The map φ can be seen as a map to O(1, 3) since it preserves the determinant, which is the
norm of R1,3:

detXMX† = detM detX detX† = detM (10)

since X ∈ SL2(C).
It remains to see that φ is surjective, which is not hard. For instance

φ

(
eiθ/2 0

0 e−iθ/2

)
(11)

is the rotation of angle θ in the x, y plane. Similarly other generators can be obtained. And
the kernel of φ is the set of matrices X such that XMX† = M for all hermitian matrices
M , which implies X ∈ {± id}, so that φ descends to an isomorphism

PSL2(C) ≃ SO(3, 1). (12)
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