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TD 2: Conformal Symmetry

These exercises can be found on the wikiversity page
en.wikiversity.org/wiki/Mathematical prerequisites for 2d CFT.

Exercise 1 Questions

1. Show that the scale factor Q of a conformal transformation, to the power d, coincides with
the Jacobian of that transformation.

2. Show that the inversion is a conformal transformation. Write a special conformal transfor-
mation in terms of a translation and inversions. Deduce that the special conformal transfor-
mation is indeed conformal.

at+b

crt+d for

3. Show that two tori whose moduli are related by 7 +—

< CC‘ 2 ) € PSLy(Z) (1)

in PSLy(Z) are conformally equivalent.

4. Show that the Polyakov action is invariant under Weyl and conformal transformations.

Answer of exercise 1

1. We denote f*g the pullback of the metric g by the transformation f. The scale factor 2 is
defined by f*g = Q2%g. Recall that the expression of the pullback metric is f*¢g = (df)Tgdf.
Taking the determinant we get

det f*g = det(df)?det g = J*det g (2)
= det Q%9 = Q*?det g. (3)

where J = detdf is the Jacobian of the transformation. Thus
J =04 (4)

2. Denote f:z € R — ch The differential is

da* dx”
dft = — 22tz
||| |2 74

Thus if g = 6, dz#dz” is the flat metric,

f*g = 5uudfudfy
_ datdz, gk dz, x,dz” | data, <:Cl,dx”>2
[ |* ][> []2[* [ |*
_ dztdzy,
||| |*

hence we find Q = HleQ.

at+b

ot are conformally equivalent. By definition,

3. Let us show that the tori of parameters 7 and
these are the tori
T1 = C/(Z + ’TZ)
ar+b
ct +d

We will proceed in two steps.

TQZC/(Z+

7).


https://paul-roux.fr/en/teaching/icfp_cft
https://en.wikiversity.org/wiki/Mathematical_prerequisites_for_2d_CFT

Conformal Field Theory Paul Roux paul.roux@phys.ens.fr
M2 ICFP paul-roux.fr/en/teaching/icfp _cft

1. Let us first show that
(a7 +b0)Z + (et +d)Z = Z + TZL.
Because a, b, ¢, d € Z, we do have at+b, ct+d € Z+71Z, so (at+b)Z+(cT+d)Z C Z+T1Z.
And because <CCL Z) € PSLy(Z), the inverse matrix also has integer coefficients so we
also have that 1,7 € (a7 + b)Z + (¢7 + d)Z, so that (aT + b)Z + (¢t + d)Z = Z + TZ.
2. Next we show that

at +b

C/((at+b0)Z+ (et +d)2) ~C/(Z + p——

Z).

Put in this form it is clear that what we need to do is a rescaling. Consider the
holomorphic (hence conformal) map

f:C—=C
z (et +d)z

and denote 7 the quotient map C — C/((ar + b)Z + (¢t + d)Z), then wo f(z + 1) =
(et +d)z+ (et +d)) =7((ct+d)z) = 7o f(2), and wo f(z+ g:jr'g) =7((er+d)z+
(at + b)) = 7((er +d)z) = mo f(z), so wo f descends to a holomorphic map f on the
quotient

= at +b
Ty =C/(Z
UL / +CT+d

Z) = C/((at +b)Z + (cT + d)Z).

Putting 1) and 2) together we find that

T ? C/((at+b)Z+ (et +d)Z) =C/(Z+ 7Z) =Th.

4. The Polyakov action is:
T
S=3 / 2oV —=hh®g,, (X)0,X"(0)3, X" ()

Under a conformal transformation (change of coordinates on the worldsheet), v —h
OV/~h, and do — Q7 !do, so they compensate. Under a Weyl transformation (change
of metric on the worldsheet), v/—h — Qv/—h, and h® — Q7 1h® (inverse metric). they

compensate.

Exercise 2 COGS: The conformal group of flat space

Consider the Euclidean space R? with the flat metric 9w = O, and the Minkowski space RA+1L1
with coordinates Y = (y*,y~,y") and the flat metric ||dY > = Zzzl (dy*)*> —dy~dy*. Consider
the diffeomorphisms

{ R 5 RIFTLI ¢ R4+l _y Rd+11
E Ry L
e (xuaHl‘Hz,l) Y — y%Y: (%’Zj’l)

1. Check that ¢ is an isometry. Is ¢ an isometry? Is it a conformal transformation?

2. Show that the restriction of 1 to the light cone £ = {Y € R¢*1.! |||Y||2 =0} is a conformal
transformation, and that p(R?) C £ .

3. Let G € SO(d + 1,1) be an isometry of R4TL1 | in particular G is linear. Show that
¢ 1ot oGoypisa conformal transformation of R? . Deduce that the conformal group of
R includes SO(d + 1,1) .
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Explicitly write the action of G € SO(d + 1,1) on z* .

In the case d = 2, find the relation between the two different descriptions of the conformal
group: SO(3,1) and PSLy(C).

Answer of exercise 2

We denote h = ||dY'||? the metric of Minkovski space.

1.

Since T =1, dp™ = 0. Hence
P = dpt'dp, — dp~de™
= datdx,,.
The map % is not an isometry or a conformal map, since ¥*h has a term (dz™)2.

Restricted to the cone of equation ||Y]|*> = 0, we have 2y,dy* —y~dy™ —yTdy~ = 0. Using
this and

Y*h = dyptdy, — dy_dyt = dytdy,
dy*  ytdy*t
dut = 27
v yt o (yh)?

The expression for ¢)*h simplifies and we get that 1 is conformal with Q2 = ﬁ

Let us first show that the transformation is well-defined. Because o(RY) C £, and G preserves
the norm, G o o(R?) C L. Moreover, ¥(L) C p(RY), because if ||Y|| = 0, y~/y+ =
y"y,/(yT)2 Hence ¥ o G o p(R?) C p(R?), so ¥ := p~L o) o G oy is well-defined.

The transformation ¥ is conformal: indeed, ¢ and G are isometries so in particular they are
conformal transformations, and % is conformal on the image of G o . This means we have
constructed a map

¥ : SO(d + 1,1) — Conf(R%) (5)
G logoGoy (6)
To check that Conf(R?) indeed contains SO(d 4 1,1) as a subgroup, we must check that

this map is an injective morphism. The injectivity is immediate, and the fact that it is a
morphism follows from the identity ¥ Gy = ¥G.

In fact, to show that the conformal group of flat space is exactly SO(d + 1,1), there just
remains to show that the two groups have the same dimensions, which follows quite directly
from the lecture.

The action of G on z# is

G2 = o oo Glat, || 1) (7)
= o o p((G™a” + GV ||l + G eqr..aty) (8)
_ GMa 4 G fa? 4+ Gt

GV + GHe

|.TH2 + G++'

We want to construct an isomorphism SO(3,1) ~ PSLy(C) = ?ZL%%. The construction is

very similar to the construction of the isomorphism SO(3) = (SZ%QZ)). Indeed SL(2,C) is the

complexification of SU(2) (in particular the complexification of the Lie algebra su(2) is s[(2).
The following trick helps: we use the isomorphism

RY3 5 H={M e My(C),M" = M}

t+2z x—1y
) (10 57 Y)
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and note that || - ||gis = det(+). Then we define

¢ : SLa(C) — End(H)
X — (M~ XMXT)

The map ¢ can be seen as a map to O(1,3) since it preserves the determinant, which is the
norm of R13:

det XM X1 = det M det X det XT = det M (10)

since X € SLy(C).

It remains to see that ¢ is surjective, which is not hard. For instance

€i9/2 0
@( 0 6—2'9/2) (11)

is the rotation of angle 6 in the x,y plane. Similarly other generators can be obtained. And
the kernel of ¢ is the set of matrices X such that XMXT = M for all hermitian matrices
M, which implies X € {£id}, so that ¢ descends to an isomorphism

PSL,(C) ~ SO(3, 1). (12)
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