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TD 4: Fundamental structures of 2D CEF'T

These exercises can be found on the wikiversity page
en.wikiversity.org/wiki/Mathematical prerequisites for 2d CFT.

The Virasoro algebra and its representations

Exercise 1 Questions

1. Does the Virasoro algebra’s central term affect global conformal transformations?
2. Write a basis of a Verma module’s level 5.

3. From its explicit expression, check that a level-3 null vector is annihilated by L; and L. Is
it necessary to check it for L3 as well?

4. In the case ¢ = 28 find the levels of all the null vectors in the Verma module with dimension
A(3,3). How many degenerate quotients does this Verma module have?

Answer of exercise 1

1. No when n,m € {—1,0,1}, the central charge never appears.

2. A basis is given by ordered products of Ls acting on the primary:

{L_s,L_4L_1,L_3L_5 L_3L*  L>,L_1,L_oL® L5 }VA.

3. We use the expressions of the null vectors from |1, eq (1.16)]
Lz = —1+26°L%) —4B8°L 1L 5 +26°(5° + 1)L 5 (1)

Multiplying by L1, La, we use L; L3 1)Va = [Li, L(31)]Va for i € {1,2}, since L;Va = 0. The
commutator can be computed using the Virasoro commutation relations, and in the end we
find that L;L(31)Va =0 & A = A3 ). Exchanging {3 < B71} we get the same for (1,3).
For L3 we do not need to redo any computation since it can be obtained from [Li, Lo].

4. At rational central charge there can be more than one degenerate field. The central charge
¢ = 28 corresponds to 32 = —2, hence A3y = Ay,1)- There is a null vector at level 9, and
one at level 4. The null vector at level 9 has dimension Az _3) =0 = Ay 1),

Fields and OPEs

Exercise 2 Questions

1. Given two CFTs, each one with its own Virasoro algebra and spectrum, let the product
CFT be a CFT whose spectrum is the tensor product of the two spectrums. Which Virasoro
algebra describes conformal symmetry in the product CFT? What is its central charge?

2. For Va a primary field, write the OPE of the energy-momentum tensor 7" with L_oVa, and
compare with the OPE of T with itself.

3. Is CF, (21, 20) related to C¥, (22, 21)? To Cky(22,21)?
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4. Assuming the coefficients f¥ are known, compute the first few orders of the OPEs L_1Va, (21)Va, (22)
and Va,(z1)L_1Va,(22).

Answer of exercise 2
1. The Virasoro algebra for the product CF'T is the tensor product Lie algebra. Central charges

are additive; this is seen from the definition of the action of the Lie algebra on the product
CFT.

2. The OPE of T' with L_sVA is

(Lo, L_2]VA n [L1,L_2]VA  LoL_oVA  L_1L_5Va
(y—2)* (y —2)3 (y —2)? y—z

where we have used that LoVa = L1 VA = 0. We get

(4A + %)VA 30,Va (A42)L_oVA  0,L_oVa
) ) (y—2)*  (y—2)° (y — 2)? y-—=z ®)
This matches with the OPE of T with itself if and only if A = 0 and 0,VA = 0, i.e. if and
only if Va is the identity field.

T(y)LoV(z) =

3. The first two are not related, because the field in the RHS of the OPE is evaluated at zo,
so commutativity of the OPE does not give any simple relation. Given that we know the z
dependence of C¥,, we find

k Ap—A1—As
Cia(21, 22) _ <Zl2> — im(Ap—A1—-Ay)

Cy (22, 21) 291

(4)

4. One simply needs to differentiate the OPE of primary fields with respect to either z; or zs.

Exercise 3 FOGO

In a CFT with local conformal symmetry, we recall that the contribution of VA and its descen-
dants in an OPE of 2 primary fields reads

VAl(Zl)VAQ(ZQ)DCﬁl,Azzﬁ_Al_A2<VA(Z2)+ > Zgélfﬁl’,LAQLVA(@)) (5)
Lel\{1}

where L is a basis of Virasoro creation operators.

1. What would be the analogous formula in a CFT with only global conformal symmetry?

Show that its universal coefficients are parametrized by integers k& € N*, and write these

. ; FA FALF
coefficients as f* = fA{kAQ =fa, Ay

2. Compute the coefficients f! and f2, and compare them with fL—l,szl.

3. In order to explain why f?2 #* fLal, find how the cogfﬁcientzs f¥ behave under a change of
basis L_g — L_g + «aL?;. Which value ag leads to f% = =i

4. Show that (L_g + 040L2_1) Va is a global primary field.

Answer of exercise 3

1. With only global symmetry we only have L_;. The z-dependence is unchanged because it
is derived using global Ward identities. The OPE writes

Va, (21)Va, (22) D CR) ap21y 122 (VA(Zz) + > zlfoﬁngL’ilvA(ZQ)> (6)
keN*
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2. The coefficients are fixed by global conformal symmetry. We do not need to redo any
computations, we can simply use the results from the course, except we can only keep the
results obtained using the Ward identity associated to L_;. We get

Llﬁ/k = Qka_l (7)
where Wy, = CFLE VA, O = k — 1+ A — Ay + A. Pulling the L_; through we find
fl _ A —Ax+ A

fQ_Al—AQ-f—Al—l-Al—AQ—I-A (9)
B 2A 2(2A +1)

We see that f2 # fL2—1.

3. The coefficients f are the solution of
Ly 2Wy =01 g nWN-1 (10)

under the change of basis W5 is unchanged if and only if

1 « i Ccr
<0 1> (C/L_2+aL21> = <CL2> (11)

Thus fLal — fLQfl—afL*Q. From the expression |2, eq 1.53b]| we find that ngl —afl2 = f2
if and only if a = 2(#11)' This can be found we little computation by first cancelling the
ter2m in A+ 2A; — As. It is then not hard to check that this gives the right value for
JH = agte

4. It is an immediate computation, just check that applying L gives zero. This choice of basis
is a posteriori somewhat natural, since the global primary sitting at level 2 is the only field
other that L2, that is "special" with respect to global conformal symmetry.

Exercise 4 2.11 of CFT on the plane

Show that the T'(y)T'(z) OPE, the commutativity axiom T'(y)7T(z) = T'(2)T(y), and the expan-

sion of T'(y) into modes L$f°) , imply that such modes obey the Virasoro commutation relations
for any choice of zy3. To do this, write

e 1) =~z (f v f 2= f a2 f an) =20 =)
(12)

and use contour manipulations to show that

j{dyfdz—%dz%dy:fdy%dz. (13)
20 20 20 20 20 )

Explain why regular terms in the T'(y)7'(z) OPE do not contribute to the result.
Answer of exercise 4

The subtlety is that the products are always implicitely time ordered. We can fix z and integrate
over y. Then we get the integral over a circle with radius > |z|, minus an integral over a circle
with radius < |z|. Since the function we are integrating is holomorphic outside of z, this is equal
to the integral of the function on a circle around z. Then we can integrate over z. After that it
is simply a matter of writing the 7T OPE and carefully computing the residues.

Exercise 5 Questions
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1. Write the fusion products of the degenerate representation R‘Zg 2 with a Verma module or
with another degenerate representation. In which cases are there fewer than 6 terms?

2. At generic central charge, find all subrings of the fusion ring of degenerate representations.
Are there any finite-dimensional subrings?

3. What is the smallest Kac table that is not displayed in the article w:minimal models
(physics)?

Answer of exercise 5

1. Directly take the formula from [2, (1.65), (1.66)]. There are less than six terms when we fuse
with a degenerate field with r <2 or s = 1.

2. The (V<165 )sen+ are stable, Veq2s41>,5 € N* too. If a subring contains a Veq s~ with s
even, by fusing it with itself we get operators with odd s, and then by fusing odd with even
we eventually get V.1 2~ and so we get all values of s. There are no finite subrings at generic
central charge. Similarly if we reverse r, s. By the same argument, (V<or41,2s+1>)rsen= is a
subring, and if there is an even r then we get all values of r. In summary the subrings are

Voont1,o8N+1>, Vel 2N4+1>, Vaong1, 1>, Ve ns, Vani>-

3. It is K72, which has 1 row and 6 columns, with dimensions given by the usual Kac formula.

Exercise 6 2.5 of CFT on the plane

Let us consider the Virasoro algebra with the coupling constant b = —% where p, ¢ are strictly
positive, coprime integers.

1. Prove the identities

A<7"7S> = A<7"+10,s+q> = A(1)*73(1*5) : (14)

Under suitable assumptions on r and s, show that VA,  has two singular vectors X (r,s)

and |X(p—r,q—5) > :

2. Show that each one of the two states |x () and |x(p—rq—s)) has a descendant that is itself a
singular vector at the level pg 4+ gr — ps in VA (s Assuming that these two singular vectors
are in fact identical, enumerate all the singular vectors of Va (ra)

3. Which ones of these singular vectors are of the type [x - )7 Show that the singular vector
at the level pg + gr — ps is not of this type in VA although it is of this type when

considered as a singular vector of the Verma modules generated by [X(s)) and |xp—rq—s))-

Answer of exercise 6

P<p+r,q+s> = P<r,s> —|—pb + qb_l
= Pep s> +14/Pq — in/qp = Py s>

P<p—r,q—s> = _P<r,s>

This proves the equality of the As. If rs # (p — r)(q — s), there are two singular vectors, at
levels rs and (p —r)(q — s) (they are at different levels so we know they’re distinct).

2. [X(r,s)) has dimension A, _s) = A,y 44s), SO it has a singular vector at level (p —7)(q + ),
which is total level (p —7)(q + s) + s = pq + sp — rq. And |X(p—pq—s)) has dimension
A(p—r,s—q) = A(r2qg—s) 50 it has a singular vector at level r(2¢—s)+(p—7r)(¢—s) = rqg+pg—ps.
There can only exist a single singular vector at a given level, hence these two have to be the
same. By recursion, we find that the full hierarchy of null vectors looks like this:
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Exercise 7 Characters of Virasoro representations

For a representation R of the Virasoro algebra, let us define the character

chr(y) = Trr yLO*T(il . (15)

1. Show that the character of a Verma module is
chy, (y) = =, (16)

where n(y) = yTl4 [1,2,(1 —y™) is the Dedekind eta function, and P is the momentum.

2. Deduce that for generic values of the central charge, the character of a maximally degenerate
representation is

P2 —P?

yi (r,s) — Y (=r,s)
ChR ey — . (17)
e n(y)
3. Let us assume b? = —% where p, g are strictly positive integers, and 1 < r < p—1 and

1 < s < q— 1. Using the results of Exercise 6, show that

chr, ., = Z v

= n(y)

2 2
P(r,s+2qk:> _ y_P<7‘,7s+2qk>

(18)

Answer of exercise 7

1. Julst note that 7 is related to the generating function for integer partitions, ie. 7 =
y21 ). p(n)y™. Since the level n has dimension p(n) and Ly = A + n there, we get the
result.

2. Quotient module = difference of characters.

3. We need to quotient by the modules generated by |x(, ) and |x . We would get

pfrvqfs) >

1, _p2 _p2 — P2
=~y Plsy _ y Plo—s) _ y P<T,7s+2q>) (19)
n
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but then we quotiented their intersection twice so we need to add it. Their intersection is
generated by their common descendent, which has dimension Aq._p, o) = Qg gpoq)- Its
character can be computed similarly, and so we can do this recursively to get the required
formula. I think it should be a sum over N7

Exercise 8

In which minimal models do fusion rules have a Zo symmetry like in the Ising case?
Answer of exercise 8

Note that because

Vg x Vi 2~V (20)

Vg = Vi) (21)
is not an automorphism of the algebra of degenerate fields. Let us see when

ng) - _V<61l,2) (22)

V(é,l) - V(%,l) (23)

is an algebra autorphism. First, by fusing Vg,% repeatedly with itself we find that

Vig = (U V- (24)
Then by fusing with V(%,l) we find that

Vi = (G170 (25)
But in a minimal model

Vit o =Vl s (26)

Thus, when ¢ is odd, applying a Z, transformation we get a contradiction. Conversely, when ¢
is even, the above Zs symmetry is a symmetry of M, ,.

Correlation functions and conformal blocks

Exercise 9 Questions

1. Assuming we know Z = <Hf\;1 Va, (zi)>, compute Z(y1,y2) = <T(y1)T(y2) Y, VAi(zi)>.

2. Write the generators of the conformal algebra D, M,, ,, K, P, in terms of Virasoro genera-
tors Ly, Ly,

3. Assuming (V;V;V}) # 0 for some primary fields V;, Vi, what can we say on the conformal
spin of V7

Answer of exercise 9

1. Use the OPE

2T oT
+ 2+y_z+0(y—z) (27)

C

4 2

2 Z + Z(y2) +

v —y2)? (y1 — y2)? (v2) Y1 — Y2

where Z(y) =< T(y) [[ Va,(zi) > is given in the lecture notes.

97 (y2) (28)

Z(y17y2) = (
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2. D=Lo+ Lo, =L 1+L_q, Po==4i(L1—L_1), M,,, has only a single component (2D
Lorentz group just has rotations) which is Lo — Lg. There are also some % here and there to
check, also maybe the is are slightly wrong.

3. The field V3 must have integer spin since the sum of the spins must be an integer, and
251 € Z. In fact we can get a better result. We know how Cj;; behaves under a transposition
of two fields:

Cije = (—1) 524505, (29)
In the particular case where the two first fields are identical, we find

Ciir. = (=1)%F Gl (30)
hence Sy € 27Z.

Exercise 10 Behaviour of the energy-momentum tensor at infinity

If z has dimension —1, what is the dimension of L_; according to Eq. |1, eq (2.2.3)|? Then what
is the dimension of T'(y)? Deduce that the differential T'(y)dy? is dimensionless, and should be
holomorphic at infinity. Taking % to be the natural coordinate at infinity, compare T'(y)dy? with

2
the holomorphic differential (d(%)) , and deduce |1, eq (2.2.8)].
Answer of exercise 10

L_; has dimension 1, and 7" has dimension % so dimension 2. Then the form T'(y)dy? is
dimensionless and so, assuming this is a good object on the sphere, nothing specific should
happen around oo, otherwise this point would be special. If we write this 2-form in the coordinate
system around infinity it reads

Lactye - p )&
T(y)d(y) —T(y) "
—4

(31)

Hence the function T(%)y is holomorphic around 0 and so the lowest term in T’ (%) is in y?.

Said otherwise T'(y) =y—oo O(y%).

Exercise 11 Creation operators as differential operators

Check that the representation [1, eq (2.2.15)] of creation operators L(_Z:l) (with n > 1) as dif-
ferential operators in z1,--- , zy, is consistent with the commutation relations of the Virasoro
algebra.

Answer of exercise 11

Write L_,, = Z;—_ll@ + "zjllA Then it is a simple matter of writing commutators of derivatives. A
more elegant approach is to note that

L, =220,2"% (32)
where

b, = —2"10, (33)
Then the commutator is automatically the Witt commutator:

(2280 272 28278 = 220, b ] 272 (34)
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